be the family of matroids obtained by taking the parallel connection of one or more copies of F 7 about e. Let M be a simple binary matroid such that every cocircuit of M has size at least d 3. We show that if M does not have an F 7 -minor, M 6 = F 7 and d (r(M) + 1)=2 then M has a circuit of size r(M ) + 1. We also show that if M is connected, e 2 E (M), M does not have both an F 7 -minor and an F 7 -minor, and M = 2 P (F 7 ; e), then M has a circuit that contains e and has size at least d + 1.
Introduction
The purpose of this paper is to extend two classical results concerning the existence of long circuits in a simple 2-connected graph G to a simple connected regular matroid, or more generally to a simple connected binary matroid M with certain forbidden minors. The rst result, due to Dirac 3] , states that if G has minimum degree d jV (G)j=2, then G is hamiltonian. The second result, due to Erd os and Gallai 4] , states that if e = uv 2 E(G) and every vertex of V (G) ? fu; vg has degree at least d, then G has a circuit C that contains e and has size at leat d + 1. Our extension of Dirac's Theorem is to show that if every cocircuit of M has size at least d (r(M) + 1)=2 then M has a circuit of size r(M)+1. Our extension of the Erd os-Gallai theorem is to show that, if e 2 E(M) and every cocircuit of M disjoint from e has size at least d 3 Our proof technique is to use the splitting results of Seymour 9] , to reduce the problem to the case when M is either graphic or cographic. To perform this reduction, and in particular to handle the operations of 2-sum and 3-sum, we need to control the way in which our long circuits pass through a given element or a given triangle. We obtain these results for graphic and cographic matroids in Section 2 of this paper. The reduction step for binary matroids which do not contain both an F 7 -minor and an F 7 -minor is given in Section 3.
Graphic and Cographic Matroids
We rst obtain the required result for graphic matroids. We shall need another result of Dirac 3 ] which generalises his above-mentioned theorem on hamiltonian graphs.
Theorem 1 Let G be a 2-connected simple graph on n vertices and d 3 be an integer. Suppose every vertex of G has degree at least d. Then G has a circuit of length at least minfjV (G)j; 2dg. (In a forthcoming paper, 6], we shall show that Theorem 1 can also be extended to binary matroids with cogirth d and no F 7 -minor. Unfortunately our proof is only valid for d 9.) Theorem 2 Let G be a simple graph on n vertices and d 3 be an integer.
(a) If every vertex of G has degree at least jV (G)j=2, then G is hamiltonian.
(b) Suppose G is 2-connected, e = uv 2 E(G) and every vertex of V (G)?fu; vg has degree at least d. Then G has a circuit C that contains e and has size at least d + 1.
(c) Suppose G is 3-connected, e; f; g 2 E(G), u; v; w 2 V (G), T = uevfwgu is a triangle in G, and every vertex of V (G) ? V (T) has degree at least d. Proof. Assertions (a) and (b) are results of Dirac 3] , and Erd os and Gallai 4], respectively. To see that (c1) holds put H = G ? v. Then Thus we may assume that C 2 is a circuit of G ? fe; f; gg of length at least 2d. Since G is 3-connected there exist three disjoint paths from T to C 2 in G. We may combine two of these paths with an edge of T and a segment of C 2 to obtain a circuit F with jE(F) \ E(T)j = 1 and jFj d + 2.
We may consider Theorem 2 as a result about graphic matroids. To do so, we replace the condition on the degrees by an assumption on the cogirth cg(M) of a matroid M, which is de ned as the size of a smallest cocircuit of M if M has a cocircuit, or cg(M) = 1 if M consists of loops only. We next obtain an analogous result to Theorem 2 for cographic matroids. We shall refer to the size of a smallest circuit in a graph G as the girth of G and denote it by g(G). As usual we set g(G) = 1 if G is a forest. Thus, if M is the cographic matroid of G, we have g(G) = cg(M).
Given a graph G and A; B disjoint subsets of V (G) we shall use (A; B) to denote the set of edges of G between A and B. We shall need several lemmas. The rst is elementary, the second is due to L. Lovasz.
Lemma 3 Let G be a graph of minimum degree at least three and H be a subgraph of G. Then j(V (H); V (G) ? V (H))j 3jV (H)j ? 2jE(H)j. Lemma 4 7, Problem 6.8] Let G be a 2-connected graph on n vertices and v 1 ; v 2 2 V (G). Let n = n 1 + n 2 be a partition of n into two positive integers. Then there exists a partition fV 1 ; V 2 ; g of V (G) such that v i 2 V i , jV i j = n i , and GhV i i is connected for 1 i 2.
(The conclusion that the partition of V (G) can be chosen to separate two given vertices is not included in the statement of 7, Problem 6.8] but is contained in the given solution.)
The next lemma gives an analogue of the Erd os-Gallai Theorem for cographic matroids.
Lemma 5 Let G be a 2-connected graph with minimum degree at least three and e = uv 2 E(G). Suppose On the other hand, counting the degrees of the vertices of V 2 gives j(V 1 ; V 2 )j = 3n 2 + (r ? ) ? 2jE(H 2 )j: Thus 2jE(H 2 )j = 2n 2 +(n 2 ?n 1 )+(r?2 ?2) < 2n 2 , since n 1 n 2 ; r?2 1. Since H 2 is connected it follows that H 2 is also a tree and thus j(V 1 ; V 2 )j = m ? n + 2, contradicting the choice of G. Let 
contradicting the choice of (V 1 ; V 2 ).
We can now complete the proof of the lemma. Since t 2 f3; 4g, it follows from Claim 4 that r 2 f0; 2g and that we may apply Claims 2 and 3 to H 2 . Thus we may choose a circuit C 2 in H 2 and a vertex z 2 2 V (C 2 ) ? R such that z 2 is adjacent to H 1 . Furthermore, since Claim 3 gives us at least two choices for z 2 and z 1 is adjacent to a unique vertex of H 2 , we may modify our choice of z 2 if necessary so that z 1 z 2 = 2 E(G). Thus (V 1 ? z 1 + z 2 ; V 2 ? z 2 + z 1 ) is a cocircuit of G of size j(V 1 ; V 2 )j + 2, contradicting the choice of (V 1 ; V 2 ).
We next prove a sequence of lemmas which give an analogue of Theorem 2(c) for cographic matroids. which is adjacent to T. This contradicts (2) . By symmetry we deduce that H has exactly two end blocks B 1 and B 2 such that V (B i ) ? X = fv i g for 1 i 2.
Suppose H has a block B which is not isomorphic to K 2 . Then B 1 6 = B 6 = B 2 . Since H has exactly two end bocks, jV (B)\Xj = 2. Since G is 3-connected some vertex x 2 V (B) ? X is adjacent to T. This contradicts (2 We are now able to prove our analogue of Theorem 2 for cographic matroids.
Theorem 9 Let G be a 2-connected graph with n vertices, m edges, and minimum degree at least three. Let d 3 be an integer. Let X be the set of cut vertices of H, Y = fB 1 ; B 2 ; : : :; B r g be the set of end blocks of H, and V (B i ) \ X = fu i g for 1 i r. We may suppose that jV (B i )j jV (B j )j for 1 i < j r. Let 
Binary Matroids
We shall use the splitting results of Seymour 9] , to extend Theorems 2 and 9 to binary matroids which do not have both an F 7 -minor and an F 7 -minor. We rst need some lemmas to construct circuits in 2-sums and 3-sums of binary matroids.
Lemma 11 Suppose that M is a binary matroid and M = M 1 3 M 2 for minors M 1 and M 2 of M where E(M 1 ) \ E(M 2 ) = X for some triangle X = fx; y; zg of M i , 1 i 2. Let C i be a circuit of M i such that X 1 := C 1 \ X = fx; yg and X 2 := C 2 \ X = fzg. Then C 1 4C 2 4X is a circuit of M. Proof. Assume to the contrary that C is a circuit of M properly contained in the cycle Z := C 1 4C 2 4X. Then C = Z 1 4Z 2 for cycles Z i of M i with Z 1 \ X = Z 2 \ X. Suppose that Z 1 ? X is a proper subset of C 1 ? X. Since C 1 is a circuit this implies z 2 Z 1 . But then Z 1 X is a cycle which is properly contained in C 1 , a contradiction. So, Z 1 nX = C 1 nX and hence Z 1 C 1 2 f;; Xg. Similarly Z 2 C 2 2 f;; Xg and C = Z 1 Z 2 = C 1 C 2 X, a contradiction.
The following lemma is straightforward.
Lemma 12 Let M be a connected binary matroid. Suppose e 2 E(M) and X = fx; y; zg is a triangle in M ? e. Then M has a circuit containing e and exactly one element of X.
Lemma 13 Let M be a vertically 3-connected binary matroid. Suppose T = fe; f; gg and X = fx; y; zg are two disjoint triangles in M. Then M has a circuit C with C \ T = fe; fg and jC \ Xj = 1, and a circuit D with D \ T = fgg and jD \ Xj = 2. Proof. Suppose the lemma is false and let M be a counterexample such that jE(M)j is as small as possible. Claim 5 Either M is simple or M has a unique 2-circuit Z and Z T X. Proof. Suppose M is not simple and let Z = fh; jg be a 2-circuit of M. If there exists k 2 Z ? (T X) then we may apply the inductive hypothesis to M ? k to obtain a contradiction. Hence by symmetry we may assume that h = e and j = x, and hence that Z = fe; xg. Now if M ? x is not simple then by using the above argument and symmetry we may assume that ff; yg is a 2-circuit of M. Since M is binary this would imply that fg; zg is also a 2-circuit of M. But We can now complete the proof of the lemma. By Claim 6, jE(M)j = 6.
Since M is binary, it follows that M must be graphic. Using Claims 5 and 6, the simpli cation of M is a 3-connected graphic matroid with either six or ve elements. It follows that M = M(K 4 ). This is impossible since M(K 4 ) does not have two disjoint triangles. Let M(K 4 ) denote the circuit matroid of K 4 . Let P(F 7 ; e) denote the family of matroids obtained by taking the parallel connection of one or more copies of the Fano matroid F 7 on a xed element e. We are now ready to prove our main result.
Theorem 14 Let d 3 be an integer. Let M be a simple binary matroid which does not have both an F 7 -minor and an F 7 -minor. We can now complete the proof of the theorem. It follows from Claims 8, 9, and 10, and 9, 14.3] that M is graphic or cographic or is isomorphic to R 10 . If M is isomorphic to R 10 then (a) and (b) hold with d = 4 and r(M) = 5, and (c) holds vacuously since R 10 has no triangles. Thus M = M(G) or M(G) for some graph G. Furthermore Claims 8 amd 10 imply that G is essentially 4-connected. We now obtain our nal contradiction by applying Theorem 2 when M is graphic, and Theorem 9 and Lemma 10 when M is cographic.
Closing Remarks
It seems di cult to nd other classes of matroids for which results similar to those of this paper are valid. The suggestion given in 8, p 470] that Welsh's conjecture could be extended to binary matroids with no F 7 -minor is false. This can be seen by considering the matroid M obtained by taking the parallel connection of three copies of F 7 about a xed edge e, which has r(M) = It is conceivable that Conjecture 1 may even be valid for all matroids. Noting that F 7 and T 12 both have the property that they have even rank and all their circuits are even, we were led in the submitted version of this paper to make the stronger conjecture that M has a circuit of size r(M)+1 unless r(M) and all circuits of M are even. The referee informed us that M. Lemos and J.G. Oxley have recently shown that the 3-connected binary matroid represented by the matrix I 5 j J 5 ?I 5 ], where J 5 denotes the matrix of all ones, is a counterexample to this stronger conjecture. On the other hand, they have proved that every 3-connected matroid of rank at least six has a circuit of size at least six.
